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a b s t r a c t
We show that every Abelian group G with r0(G) = |G| = |G|ω admits a pseudocompact
Hausdorff topological group topology T such that the space (G, T ) is Fréchet–Urysohn.
We also show that a bounded torsion Abelian group G of exponent n admits a pseudocom-
pact Hausdorff topological group topology making G a Fréchet–Urysohn space if for every
prime divisor p of n and every integer k ≥ 0, the Ulm–Kaplansky invariant fp,k of G satisfies
(fp,k)ω = fp,k provided that fp,k is infinite and fp,k > fp,i for each i > k.
Our approach is based on an appropriate dense embedding of a group G into a Σ-
product of circle groups or finite cyclic groups.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Pontryagin–van Kampen duality theory is a powerful tool for the study of topological and algebraic properties of locally
compact Abelian (LCA) groups. A good illustration to this phenomenon is Halmos’ problem [1] of describing the algebraic
structure of the compact Abelian groups. The solution of this problembyHarrison [2] andHulanicki [3]whichwas essentially
based on the duality theory for LCA groups, brought to a significant development of the theory of abstract Abelian groups.
Pseudocompact topological groups form a considerably wider class of groups compared to the class of compact groups.
According to a celebrated theorem of Comfort and Ross in [4], a topological (Abelian) group P is pseudocompact if and
only if P is topologically isomorphic to a Gδ-dense subgroup of a compact (Abelian) group. Unlike the case of LCA groups,
Pontryagin–van Kampen duality theory does not help much in the study of pseudocompact Abelian groups—these groups
are very seldom reflexive [5–7]. It should be mentioned that metrizable pseudocompact groups are compact and second
countable—one can prove this fact directly or use Theorem 1.1 below.
The study of the cardinal invariants and algebraic structure of pseudocompact topological groups was initiated by van
Douwen in [8]. He established, in particular, that every infinite pseudocompact group G satisfies |G| ≥ 2ω and that the
cardinal number |G| cannot be strong limit if it has countable cofinality. This line of investigation was continued by Comfort
and Remus in [9], Comfort and Robertson in [10], and by Dikranjan and Shakhmatov in [11–13]. It was shown in [10], among
other results, that a torsion pseudocompact topological group is bounded torsion (i.e., has a finite exponent), while Dikranjan
and Shakhmatov gave an almost complete characterization of the algebraic structure of pseudocompact groups in [13].
Tomita and García-Ferreira made further contributions to the area in [14,15], answering several questions posed by van
Douwen in [8]. The reader can find it useful to consult a recent survey on pseudocompact topological groups by Comfort
in [16].
Convergence properties in topological spaces and topological groups have been an object of the thorough study during
many years. The following chain of well-known implications
metrizable⇒ first countable⇒ Fréchet–Urysohn⇒ sequential⇒ countable tightness
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indicates five pairwise distinct classes of spaces of which the class of metrizable spaces is the narrowest. In Hausdorff
topological groups, ‘first countable’ implies ‘metrizable’ by the Birkhoff–Kakutani theorem, so we now have only four
pairwise distinct classes of groups. If, however, we restrict ourselves to considering compact Hausdorff topological groups,
the four classes collapse to a single one, since compact topological groups of countable tightness are metrizable (see [17]
or [18, Corollary 4.2.2]).
Weakening compactness to countable compactness or even pseudocompactness, the situation changes completely.
Countably compact topological groups with the Fréchet–Urysohn property need not be metrizable and can have arbitrarily
big cardinalities. Standard examples to this phenomenon are the so-called Σ-products of compact metrizable groups
considered first by Pontryagin in [19] with the idea to distinguish between the classes of compact and countably compact
groups. Afterwards the technique ofΣ-productswas adoptedbyGeneral Topology (see the influential article [20] byCorson).
An important contribution to the study ofΣ-products was made by Noble in [21], where he proved that anyΣ-product of
first countable spaces has the Fréchet–Urysohn property.
Thus the class of countably compact groups with the Fréchet–Urysohn property (hence, of countable tightness) is
quite wide. Arhangel’skii raised the problem of finding conditions under which an Abelian group admits a pseudocompact
Hausdorff topological group topology of countable tightness (see, for example, [18, Problem 9.11.1]). Since theΣ-product of
an arbitrary family of compact metrizable groups is countably compact and has the Fréchet–Urysohn property, it is natural
to try to solve Arhangel’skii’s problem via embedding a given abstract Abelian group into such a Σ-product as a dense
pseudocompact subgroup.
Here we give necessary and sufficient conditions on the algebraic structure of an Abelian group G to admit such an
embedding. This approach enables us to establish in Corollaries 2.4, 2.5 and 2.11 the existence of a pseudocompact Hausdorff
topological group topology on many Abelian groups which make them Fréchet–Urysohn spaces. For example, this is the
case when an infinite Abelian group G satisfies |G|ω = |G| and r0(G) = |G|. In particular, every torsion-free Abelian group
G with |G|ω = |G| admits a pseudocompact Hausdorff topological group topology with the Fréchet–Urysohn property (see
Corollary 2.5).
In the case of torsion groups G, one has to use the Ulm–Kaplansky invariants fp,i(G) of G in place of the torsion-free rank
r0(G). We show in Corollary 2.11 that if G is an infinite bounded torsion Abelian group satisfying |G|ω = |G| and the last
Ulm–Kaplansky invariant fp,r(G) of G satisfies fp,r(G) = |G|, for each prime divisor p of the exponent of G, then G admits a
pseudocompact Hausdorff topological group topology making it a Fréchet–Urysohn space. A more general result is proved
in Theorem 2.10: A bounded torsion Abelian group G admits a Gδ-dense embedding into aΣ-product of finite cyclic groups
if and only if G is the direct sum of a finite group and finitely many groups satisfying the restrictions of Corollary 2.11.
Our approach is more or less standard—we embed a given abstract Abelian group G, with certain restrictions on its
algebraic structure, as a Gδ-dense subgroup of the product group K τ , where K is either the circle group T or a finite cyclic
group Z(n), for some n ∈ N, and τ = |G|. This guarantees that the image of G under the embedding is pseudocompact. The
new ingredient here is that wemanage to embed G into the correspondingΣ-productΣK τ ≤ K τ (see Notation below). The
topology of G inherited from K τ makes G Fréchet–Urysohn and, hence, of countable tightness.
1.1. Notation and terminology
The set of prime natural numbers is P. The circle group T is identified with the quotient group R/Z and will be written
additively. We denote by Q and Qp∞ the group of rationals and the quasicyclic p-group, for a prime p, respectively.
The neutral element of an Abelian group G will be denoted by 0G or simply 0. Given an Abelian group G and an integer
n > 0, we put
G[n] = {x ∈ G : nx = 0}.
Clearly, G[n] is a subgroup of G. If there exists an integer n > 0 such that G = G[n], we say that the group G is bounded
torsion. In this case the minimum positive integer nwith G = G[n] is called the exponent of the group G.
For every prime p, the p-torsion part or, equivalently, p-primary component of G is
tp(G) = {x ∈ G : pnx = 0, for some n ∈ N}.
It is well known that every torsion Abelian group G is isomorphic to the direct sum⊕p∈P tp(G).
The torsion-free rank of an Abelian group G or, in symbols, r0(G) is the size of a maximal independent system of elements
of infinite order in G. Similarly, for a prime p, the p-rank rp(G) of the group G is the size of a maximal independent system of
elements of order p in G (see [22, Section 4.2]).
For an ordinal α, the direct sum of α copies of a group G is denoted by G(α). In particular, G(0) = {0}, for every group G.
We use the concepts of σ -product andΣ-product all along this article. Suppose that {Gi : i ∈ I} is a family of groups and
Π =∏i∈I Gi is the direct product of this family. For every x ∈ Π , we put
supp(x) = {i ∈ I : pii(x) 6= 0Gi},
where pii:Π → Gi is the projection of the product groupΠ onto the factor Gi. Making use of the function supp, we define
σΠ = {x ∈ Π : |supp(x)| < ω}
M. Tkachenko / Journal of Pure and Applied Algebra 214 (2010) 1103–1109 1105
and
ΣΠ = {x ∈ Π : |supp(x)| ≤ ω}.
It is clear that both σΠ andΣΠ , called the σ -product andΣ-product of the family {Gi : i ∈ I}, respectively, are subgroups
ofΠ .
Similarly, one defines theΣ-productΣΠ(a) ⊆ Π , with center at any point a ∈ Π , in the case whenΠ is the product of
an arbitrary family of non-empty sets. We will use this in Lemma 2.7.
A Tychonoff space X is pseudocompact if every continuous real-valued function on X is bounded. Clearly, every compact
space is pseudocompact, but not vice versa. The Σ-product of any uncountable family of non-trivial compact topological
groups is an example of a pseudocompact non-compact group. In fact, such aΣ-product is countably compact [19].
We say that a subset Y of a space X is Gδ-dense in X if every non-empty Gδ-set in X meets Y . It is easy to see that, for
any product group Π = ∏i∈I Gi, the corresponding Σ-product ΣΠ is Gδ-dense in Π . The importance of the concept of
Gδ-density may be seen in the theorem proved by Comfort and Ross in [4]:
Theorem 1.1. A dense subgroup L of a compact topological group K is pseudocompact if and only if L is Gδ-dense in K .
In particular, a dense subgroup L of a productΠ of compact topological groups is pseudocompact iff L is Gδ-dense inΠ .
Finally, a space X has the Fréchet–Urysohn property if for every A ⊆ X and every x ∈ A, there exists a sequence
{xn : n ∈ ω} ⊆ A converging to x. In this case, we say that X is a Fréchet–Urysohn space. A space X has countable tightness
if for every A ⊆ X and every x ∈ A, there exists a countable set B ⊆ A such that x ∈ B. Every Fréchet–Urysohn space has
countable tightness, but not vice versa (see [23, 3.12]).
2. Embeddings intoΣ-products
The first lemma is an easy corollary from the structure theory of Abelian groups.
Lemma 2.1. Every Abelian group G is isomorphic to a subgroup of a direct sum of copies of the circle group T. In addition, one
needs at most κ = |G| copies of T to embed the group G into T(κ).
Proof. Every finite cyclic group is a subgroup of the circle group. Since every finite Abelian group is a direct sum of cyclic
groups, we see that all finite groups are subgroups of finite powers of the circle group. Therefore, we can assume that G is
infinite. By [22, 4.1.6], G can be embedded as a subgroup into a divisible Abelian group H satisfying |H| = |G|. In its turn,
it follows from [22, 4.1.5] that H is isomorphic to a direct sum Q(κ0) ⊕⊕p∈P Q(κp)p∞ , where the cardinal numbers κ0 and κp
satisfy κ0 ≤ |H| and κp ≤ |H|, for each p ∈ P. Since each of the groups Q and Qp∞ , for p ∈ P, is isomorphic to a subgroup of
the circle group T, we get an isomorphic embedding of G into T(κ), where one clearly has κ ≤ |H| = |G|. 
The following corollary to Lemma 2.1 will be used in the proof of Lemma 2.9.
Corollary 2.2. Every bounded torsion Abelian group G of exponent n is isomorphic to a subgroup of Z(n)(κ), where κ = |G|.
Proof. According to Lemma 2.1, G is isomorphic to a subgroup of T(κ). For every α < κ , let pα be the natural homomorphic
projection of T(κ) onto the αth summand Tα = T. Then the order of every non-zero element of pα(G) divides n, i.e., pα(G) is
a subgroup of T[n] ∼= Z(n). This implies the required conclusion. 
Here is the crucial step towards constructing Fréchet–Urysohn pseudocompact topologizations of Abelian groups with a
big non-torsion part.
Theorem 2.3. Let G be an infinite Abelian group of cardinality τ satisfying r0(G) = τ = τω . Then G is isomorphic algebraically
to a Gδ-dense subgroup of the groupΣTτ .
Proof. Let t(G) be the torsion part of G. Since G is Abelian, t(G) is a subgroup of G. According to Lemma 2.1, the group t(G)
admits an isomorphic embedding into T(τ ). We denote this embedding by ϕ. In what followswe identify the group T(τ ) with
the subgroup σTτ of Tτ .
Take a maximal independent subset X of the group G consisting of elements of infinite order. By the assumptions of the
theorem, we have that |X | = r0(G) = τ , so we can enumerate the set X in length τ , say X = {xα : α < τ }. By recursion of
length τ , we are going to construct a family F = {fα : α < τ } of mappings of X to the circle group T such that the image of
X under the diagonal product f = 1F of the family F will be a Gδ-dense subset of ΣTτ . This guarantees that 〈f (X)〉 will
be a dense pseudocompact subgroup of ΣTτ . In addition, the extension of f to a homomorphism g: 〈X〉 → ΣTτ will be a
monomorphism.
To obtain the necessary isomorphic embedding of G intoΣTτ , we have to extend g to a homomorphism h of G toΣTτ in
a way that the restriction of h to t(G)will coincide with ϕ. This is possible since the intersection t(G)∩ 〈X〉 is trivial and the
group ΣTτ is divisible. Our choice of h automatically implies that h will be a monomorphism, i.e., h will be an isomorphic
embedding of G into ΣTτ . Indeed, let x ∈ G be an arbitrary non-zero element. If x ∈ t(G), then h(x) = ϕ(x) 6= 0 since ϕ
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is a monomorphism. If x 6∈ t(G), then it follows from our choice of the set X that nx ∈ 〈X〉, for some integer n 6= 0. Again,
since g is a monomorphism, we conclude that h(nx) = g(nx) 6= 0, and hence h(x) 6= 0. So the kernel of h is trivial and h is a
monomorphism as well.
Finally, since f (X) ⊆ 〈f (X)〉 ⊆ h(G), G will be isomorphic to a Gδ-dense subgroup H = h(G) of the groupsΣTτ and Tτ .
Clearly, H is pseudocompact by Theorem 1.1 and has the Fréchet–Urysohn property as a subspace ofΣTτ .
To construct the family F , we have to fix several enumerations. Let {Aα : α < τ } be an enumeration of all countable
subsets of τ such that every A ⊆ τ with |A| ≤ ω appears in this enumeration τ times. This is possible since τω = τ . We
can choose the enumeration in a way that Aα ⊆ α, for each α < τ . We put Bα = Aα ∪ {α}. It is clear that α 6∈ Bν whenever
ν < α < τ .
Choose an element t∗ of infinite order in T. The family F = {fα : α < τ }will satisfy the following simple conditions for
all α, ν < τ :
(i) fν(xα) = 0 if ν 6∈ Bα;
(ii) fν(xα) = 0 if α < ν;
(iii) fα(xα) = t∗.
In fact, (ii) follows from (i), since Bα ⊆ α + 1 for each α < τ . Condition (i) guarantees that every f (xα) belongs to
ΣTτ , while (ii) and (iii) imply that the set Y = {f (xα) : α < τ } is a free algebraic basis for H0 = 〈Y 〉. Indeed, let
y = k1f (xα1)+· · ·+knf (xαn), whereα1 < · · · < αn < τ and k1, . . . , kn are non-zero integers. It follows from (ii) and (iii) that
the αnth coordinate of y equals knfαn(xαn) = knt∗, while the latter number is distinct from 0 in T since t∗ has infinite order.
Therefore, H0 = 〈Y 〉 is a subgroup ofΣTτ algebraically isomorphic to a free Abelian group of cardinality τ . It remains to
force the image Y (and the group H0) to be Gδ-dense inΣTτ and, hence, in Tτ .
Let Z = ⋃{TA : A ⊆ τ , |A| ≤ ω}. Since τω = τ , it follows that |Z| = τ . Hence there exists an enumeration of Z in
length τ , say, Z = {zα : α < τ }. For every z ∈ Z, let coor(z) be the set A ∈ [τ ]≤ω such that z ∈ TA. We can assume, in
addition, that coor(zα) ⊆ Aα , for each α < τ .
Let us add a new condition on the family F :
(iv) For every α < τ , there exists δ < τ such that fν(xδ) = zα(ν), for each ν ∈ coor(zα).
Here z(ν) stands for the νth coordinate of an element z ∈ Z. Condition (iv) means that zα and the projection of f (xδ) to the
subproduct Tcoor(zα) coincide. Hence our definition of Z and (iv) together imply that projections of f (Y ) fill in all countable
subproducts of Tτ . In its turn, this implies that f (Y ) is Gδ-dense in Tτ .
To the finish the proof, we have to show that the family F satisfying (i)–(iv) exists. We will construct it by recursion.
Suppose that, for some α < τ , we have defined an increasing family {Tβ : β < α} of subsets of τ with |Tβ | ≤ |β|, for
each β < α, and values fν(xβ), for all β ∈ Tα and ν < τ , in such a way that conditions (i)–(iii) hold true at this step. In other
words, at the stage α of the construction we have filled the initial τ × Tα rectangle in the τ × τ matrixM = [fν(xβ)]ν,β<τ .
If the ordinal α is limit, we put Tα = ⋃β<α Tβ . Hence, we have filled the τ × Tα rectangle of the matrix M . Otherwise
α = γ + 1, and we proceed as follows.
First, we choose δ ∈ τ \ Tγ such that α < δ and coor(zα) = Aδ . Such an ordinal δ exists since |Tγ | ≤ |γ | < τ and every
countable subset of τ appears τ times in the sequence {Aν : ν < τ }. Then we put Tα = Tγ ∪ {δ} and define the values fν(xδ)
for all ν < τ by fν(xδ) = zα(ν) if ν ∈ Aδ , fδ(xδ) = t∗, and fν(xδ) = 0 if ν 6∈ Aδ ∪ {δ} = Bδ . Observe that our definition is
correct since Aδ ⊆ δ and, hence, δ 6∈ Aδ . This defines all entries of the τ × Tα rectangle of the matrixM . Clearly, conditions
(i)–(iii) are satisfied at this stage.
Let T = ⋃α<τ Tα . To complete the construction, it suffices to fill the ‘‘column’’ [fν(xα)]ν<τ of the matrix M , for each
α ∈ τ \ T . In this case, we simply put fν(xα) = 0 if ν 6= α and fα(xα) = t∗. This completely defines the matrix M and the
family F = {fν : ν < τ }. Again, conditions (i)–(iii) evidently hold for the family F . Condition (iv) is also satisfied due to our
choice of the ordinal δ and the definition of the values fν(xα), with ν ∈ Aδ , at the stage α of the construction.
Identifying the groups G and H = h(G), we obtain a Hausdorff topological group topology on G which turns it into a
pseudocompact Fréchet–Urysohn space. 
Corollary 2.4. Every infinite Abelian group G satisfying |G|ω = |G| and r0(G) = |G| admits a Hausdorff topological group
topology making it a pseudocompact Fréchet–Urysohn space.
Corollary 2.5. Every torsion-free Abelian group G with |G|ω = |G| admits a Hausdorff topological group topology making it a
pseudocompact Fréchet–Urysohn space.
Proof. Since the group G is torsion-free, one easily verifies that r0(G) = |G|. The required conclusion now follows from
Corollary 2.4. 
Remark 2.6. Every Gδ-dense subspace of Tτ , for an arbitrary cardinal τ , is connected and locally connected—it suffices
to apply [18, Theorem 2.4.15]. Therefore, the Hausdorff topological group topologies on G in Corollaries 2.4 and 2.5 are
connected and locally connected.
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Cardinalities of dense pseudocompact subgroups of product groups Tτ can have countable cofinality (see [15,14]). One
can ask, therefore, whether some of the conditions |G|ω = |G| or r0(G) = |G| in Theorem 2.3 can be dropped or weakened.
It turns out that these conditions are necessary. Our proof of this fact requires the following lemma:
Lemma 2.7. Let Π = ∏i∈I Xi be the product of a family {Xi : i ∈ I} of sets, where |I| ≥ ω and 2 ≤ |Xi| ≤ 2ω , for each i ∈ I .
Suppose that a ∈ Π and a set Y ⊆ ΣΠ(a) satisfies pJ(Y ) = ΠJ , for each countable set J ⊆ I , where pJ :Π → ΠJ = ∏i∈J Xi is
the projection. Then |Y | = |I|ω and, therefore, |Y |ω = |Y |.
Proof. Since |Xi| ≥ 2 for each i ∈ I and pJ(Y ) = ΠJ , for each countable infinite subset J of I , we see that |Y | ≥ 2ω . It also
follows from Y ⊆ ΣΠ(a) that |Y | ≤ |I|ω . In particular, if ω ≤ |I| ≤ 2ω , then |Y | = 2ω = |I|ω . We can assume, therefore,
that |I| > 2ω .
Denote by Pω(I) the family of all countable subsets of I partially ordered by inclusion. For every x ∈ Y , let supp(x) =
{i ∈ I : xi 6= ai}. Then the family Q = {supp(x) : x ∈ Y } is a subfamily of Pω(I). It is clear that |Q| ≤ |Y |. We claim that Q
is cofinal in Pω(I). Indeed, take an arbitrary countable subset J of I and let xJ be a point of ΠJ such that (xJ)i 6= ai, for each
i ∈ J . By the assumptions of the lemma, there exists a point x ∈ Y such that pJ(x) = xJ . It follows from the choice of xJ and x
that J ⊆ supp(x). This proves our claim.
Finally, we will show that |Y | = |Q| = |I|ω . Let
R = {A ⊆ I : A ⊆ B for some B ∈ Q}.
Since each B ∈ Q is countable, it follows that |R| ≤ |Q|·2ω . However, sinceQ is cofinal inPω(I), we also see thatR = Pω(I).
We conclude, therefore, that |I|ω ≤ |Q| ·2ω . Taking into account that 2ω < |I| and |Q| ≤ |Y | ≤ |I|ω , we obtain the equalities
|Q| = |Y | = |I|ω . The lemma is proved. 
Proposition 2.8. Let τ ≥ 1 be a cardinal and G a dense pseudocompact subgroup of ΣTτ . Then r0(G) = |G| = 2ω · τω , so
|G|ω = |G|.
Proof. If τ = 1, then G = ΣTτ = T, and the conclusion is trivial. Suppose, therefore, that τ > 1. Then 2ω · τω = τω , so
we will establish the equality |G| = τω first. Clearly, every dense pseudocompact subspace X of Tτ is Gδ-dense in Tτ and,
hence, satisfies pA(X) = TA, for each countable subset A of the index set τ . If, in addition, X ⊆ ΣTτ , then Lemma 2.7 implies
that |X | = τω . Applying this fact to the dense pseudocompact subgroup G ofΣTτ in place of X , we deduce that |G| = τω .
The equality r0(G) = |G| will follow if we show that |G/t(G)| = |G|. Indeed, G is pseudocompact and t(G) is a proper
subgroup of G, so it follows from [13, Theorem 3.8] that r0(G) ≥ 2ω . Therefore, the quotient group G/t(G) is uncountable,
torsion-free, and satisfies |G/t(G)| = r0(G/t(G)) ≤ r0(G) ≤ |G|, so the equality |G/t(G)| = |G| implies immediately that
r0(G) = |G|.
So, to finish the proof, we show that |G/t(G)| = |G|. Let P be the torsion part of the circle group T, H = T/t(G), and
p:T → H the canonical homomorphism. Obviously, |H| = 2ω . Denote by ϕ the canonical homomorphism of Tτ onto Hτ
defined by ϕ(x) = (p(xα))α∈τ , where x = (xα)α∈τ is any element of Tτ . It is clear that the torsion parts of both Tτ and
ΣTτ are subgroups of the kernel of the homomorphism ϕ. Therefore, |ϕ(G)| ≤ |G/t(G)|. However, ϕ(G) ⊆ ΣHτ and the
projections of Y = ϕ(G) fill all countable subproducts of Hτ . We can now apply Lemma 2.7 once again to deduce that
|ϕ(G)| = τω . Since |ϕ(G)| ≤ |G/t(G)| ≤ |G| = τω , we see that |G/t(G)| = τω as well. This finishes the proof. 
It is known that every pseudocompact Abelian torsion group G is bounded torsion, i.e., there exists a positive integer n
such that nx = 0, for each x ∈ G (see [10, Lemma 7.4] or [13, Corollary 3.9]). To deduce a counterpart of Theorem 2.3 for
bounded torsion Abelian groups, we have to recall some terminology.
For an Abelian group G, a prime number p, and m ∈ N, the Ulm–Kaplansky invariant fp,m(G) of G is defined as follows
(cf. [24]):
fp,m(G) = rp((pmG)[p]/(pm+1G)[p]).
Clearly, the cardinal number fp,m(G) depends only on the p-torsion part tp(G) of G.
By Prüfer–Baer’s theorem (see [22, 4.3.5]), a bounded p-torsion group H is isomorphic to the direct sum⊕r
i=0 Z(pi+1)(αi), where the cardinals α0, α1, . . . , αr , as is easy to see, coincide with the respective Ulm–Kaplansky invari-
ants fp,0(H), fp,1(H), . . . , fp,r(H) of the group H .
Every torsion Abelian group G is the direct sum of its p-primary components tp(G). Hence, if G is of finite exponent n, it
can be represented as a direct sum of finitelymany non-trivial groups of the formZ(pm+1)(αp,m), where p is a prime divisor of
n andm is a non-negative integer, and each cardinal αp,m coincides with the Ulm–Kaplansky invariant fp,m(G) of G. Clearly,
for every prime p as above, there exists an integer r = r(p) ≥ 0 such that fp,r(G) > 0 and fp,i(G) = 0 for each i > r . Then
fp,r(G) is called the last Ulm–Kaplansky invariant of G (corresponding to p). Clearly, r + 1 is the maximum power of p that
divides n.
The following result is an important step towards the proof of Theorem 2.10 characterizing torsion Abelian admitting
Gδ-dense embeddings intoΣ-products of finite cyclic groups.
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Lemma 2.9. Let G be a bounded p-torsion Abelian group of exponent n = pr+1, for a prime p. Suppose also that |G|ω = |G| ≥ ω
and that the last Ulm–Kaplansky invariant of G satisfies fp,r(G) = |G|. Then G is algebraically isomorphic to a Gδ-dense subgroup
of aΣ-product of |G|many copies of the discrete cyclic group Z(n).
Proof. Mainly, our argument is similar to the one in the proof of Theorem 2.3, so we restrict attention to the differences.
First, we replace the circle group by the cyclic group Z(n). Hence, Gwill be embedded as a Gδ-dense subgroup intoΣZ(n)κ ,
where κ = |G|.
Since the last Ulm–Kaplansky invariant fp,r(G) equals κ = |G|, we can write G = ⊕i≤r Z(pi+1)(αp,i), where αp,r = κ and,
clearly, αp,i ≤ κ for each i ≤ r . Hencewe come to the conclusion that G = H⊕L, whereH =⊕i<r Z(pi+1)(αp,i) is a subgroup
of G of some exponent pk < n and L = Z(n)(κ).
Take a partition κ = P∪Q , where |P| = |Q | = κ . As in the proof of Theorem2.3,we fix amonomorphismϕ:H → σZ(n)P .
In what follows, we consider σZ(n)P as a subgroup of σZ(n)κ . Also, let {xα : α < κ} ⊆ L be an independent set of elements
of order n that generates the subgroup L. Our aim is to extend ϕ to a monomorphism h:G → ΣZ(n)κ in such a way that
h(G)will be a Gδ-dense subgroup ofΣZ(n)κ . To this end, it suffices to find a monomorphism g: L→ ΣZ(n)κ such that the
intersection g(L)∩ϕ(H) is trivial and g(L) is a Gδ-dense subgroup ofΣZ(n)κ . Once such a monomorphism g is defined, one
can take h to be the direct sum of the homomorphisms ϕ and g . In other words, since G = H ⊕ L, every element x ∈ G has a
unique representation in the form x = y + z, where y ∈ H and z ∈ L, and then h(x) = ϕ(y) + g(z). Since the intersection
ϕ(H) ∩ g(L) is trivial, h is a monomorphism as well, while the inclusion g(L) ⊆ h(G) implies that h(G) ∼= G is a Gδ-dense
subgroup ofΣZ(n)κ .
As in the proof of Theorem 2.3, the monomorphism g will be defined as the diagonal product of a family {gα : α < κ},
where each gα is a homomorphism of L to Z(n). Again, let {Aα : α < κ} be an enumeration of all countable subsets of κ such
that every A ⊆ κ with |A| ≤ ω appears in this enumeration κ times. We can choose the enumeration to have Aα ⊆ α, for
each α < κ . By recursion, choose pairwise distinct elements ηα ∈ Q such that
(1) ηα 6∈ Aν , whenever α < κ and ν ≤ α. We put Bα = Aα ∪ {ηα}. It is clear that
(2) ηα 6∈ Bν whenever ν < α < τ .
Let Z = ⋃{Z(n)A : A ⊆ κ, |A| ≤ ω}. Since κω = κ , it follows that |Z| = κ . Hence there exists an enumeration of Z in
length κ , say,Z = {zα : α < κ}. For every z ∈ Z, let coor(z) be the set A ∈ [κ]≤ω such that z ∈ Z(n)A. Again, we can assume
that coor(zα) ⊆ Aα , for each α < κ . Arguing as in the proof of Theorem 2.3, one defines homomorphisms gα ’s satisfying the
following conditions:
(i) gν(xα) = 0 if ν 6∈ Bα;
(ii) gηα (xα) = 1;
(iii) for every α < τ there exists δ < τ such that gν(xδ) = zα(ν), for each ν ∈ supp(zα).
Let g be the diagonal product of the family {gα : α < κ}. It follows from (i) that g(L) is a subgroup ofΣZ(n)κ , while (iii)
implies that g(L) isGδ-dense inΣZ(n)κ . It remains to verify that the intersection g(L)∩ϕ(H) is trivial. Sinceϕ(H) ⊆ σZ(n)P ,
it suffices to show that the intersection g(L) ∩ σZ(n)P contains zero element of Z(n)κ only.
Let y = k1g(xα1) + · · · + kng(xαn) ∈ g(L), where 0 < k1, . . . , kn < n and α1 < · · · < αn < κ . Since g is the diagonal
product of the homomorphisms gα ’s, it follows from (2) and (ii) that y(ηαn) = kn 6= 0. Therefore, the facts that ηαn ∈ Q and
P ∩ Q = ∅, together with y(ηαn) 6= 0, imply that y 6∈ σZ(n)P . Hence, g(L) ∩ ϕ(H) = {0}. This finishes the proof. 
Suppose that S = (λ0, λ1, . . . , λr) is a finite sequence of cardinals. Let us say that an index i ≤ r is right dominating in S if
λi is infinite and λi > λj for each j satisfying i < j ≤ r . It is clear from the definition that the last index r is right dominating
in S iff λr ≥ ω. It is also clear that if the sequence S is strictly decreasing and λr ≥ ω, then every i ≤ r is right dominating
in S.
Let us also say that a sequence of cardinals S = (λ0, λ1, . . . , λr) is admissible if for each right dominating index i ≤ r in
the sequence S, the cardinal λi satisfies λωi = λi.
Here is a counterpart of Theorem 2.3 and Proposition 2.8 for torsion Abelian groups. In what follows, we will write p|n
to abbreviate the phrase that p divides n.
Theorem 2.10. Let G be a bounded torsion Abelian group of exponent n. ThenG is algebraically isomorphic to aGδ-dense subgroup
of aΣ-product of finite discrete cyclic groups if and only if for every prime divisor p of n, the sequence (fp,0, . . . , fp,i, . . . , fp,r) of
Ulm–Kaplansky invariants of G corresponding to p is admissible. In this case G satisfies |G| = |G|ω provided G is infinite.
Proof. Sufficiency. Since G ∼= ⊕p|n tp(G) and a finite product of Σ-products of cyclic groups is again a Σ-product of cyclic
groups, it suffices to prove that G is isomorphic to a Gδ-dense subgroup of aΣ-product of finite cyclic groups in the special
case when G is a p-torsion group, for some prime number p. Clearly, we also use the fact that a finite product of Gδ-dense
sets is Gδ-dense in the product.
So we assume that G is a p-torsion group, for a prime p. Suppose that the sequence S = (fp,0, fp,1 . . . , fp,r) of
Ulm–Kaplansky invariants of G is admissible. It is clear that G = ⊕0≤i≤r Z(pi+1)(fp,i). Let also k1, . . . , km be the list
of right dominating indices in S, where 0 ≤ k1 < · · · < km ≤ r . Then we can write G = ⊕1≤i≤m+1 Hi, where
H1 = ⊕0≤j≤k1 Z(pj+1)(fp,j), Hm+1 = ⊕km<j≤r Z(pj+1)(fp,j), and Hi = ⊕ki−1<j≤ki Z(pj+1)(fp,j) for each i with 1 < i ≤ m.
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In other words, we split the canonical decomposition of G given by Prüfer–Baer’s theorem into blocks between ‘‘right dom-
inating’’ summands Z(pki+1)(fp,ki ), 1 ≤ i ≤ m. It follows from the definition of right dominating indices in S that fp,j is finite
for each j satisfying km < j ≤ r . Hence the group Hm+1 is also finite. Since each of the cardinals fp,ki satisfies (fp,ki)ω = fp,ki ,
Lemma 2.9 implies that for every i ≤ m, the group Hi is isomorphic to a Gδ-dense subgroup of a Σ-product of finite cyclic
groups. Hence the same conclusion remains valid for the group G = Hm+1 ⊕⊕1≤i≤m Hi.
Necessity. Let G be a Gδ-dense subgroup of a Σ-product ΣΠ , where Π = ∏α∈A Gα is a product of finite cyclic groups.
Then Theorem 1.1 implies that G is pseudocompact. Hence, by a result in [10], G has a finite exponent, say, n. Take a prime
divisor p of n. Then n = mp, for some integerm. First we claim that either the last Ulm–Kaplansky invariant fp,r of G is finite
or it satisfies (fp,r)ω = fp,r .
Indeed, suppose that fp,r ≥ ω. Since multiplication by m is a continuous homomorphism of Π to itself, it is easy to see
thatmG is a Gδ-dense subgroup ofmΣΠ , while the latter group is theΣ-product of the family {mGα : α ∈ A} of finite cyclic
groups. It follows that the groupmG ∼= Z(p)(fp,r ) is isomorphic to a Gδ-dense subgroup of aΣ-product of finite cyclic groups.
Therefore, Lemma 2.7 implies that (fp,r)ω = |mG|ω = |mG| = fp,r .
Now suppose that an integer i with 0 ≤ i < r is right dominating in the sequence Sp = (fp,0, . . . , fp,i, . . . , fp,r) corre-
sponding to the decomposition of the p-primary component tp(G) of G into the direct sum tp(G) = ⊕0≤j≤r Z(pj+1)(fp,j). Since
p r+1 divides n, we have n = mi · p r−i+1 for some integermi. Arguing as above, we see that the group




is Gδ-dense in a Σ-product of finite cyclic groups. It is clear that |miG| = fp,i since i is right dominating in Sp. Let ΣP be a
Σ-product that contains miG as a Gδ-dense subgroup, where P = ∏α∈B Cα is a product of finite cyclic groups. Clearly, the
index set B is infinite since |miG| = fp,i ≥ ω. Therefore, Lemma 2.7 implies that |miG|ω = |miG|, i.e., (fp,i)ω = fp,i.
Finally, suppose that G is infinite. Again, the Σ-product ΣΠ containing G as a Gδ-dense subgroup must have infinitely
many factors. Hence the equality |G|ω = |G| follows directly from Lemma 2.7. 
The following corollary is now immediate:
Corollary 2.11. Let G be a bounded torsion Abelian group of exponent n. Suppose also that |G|ω = |G| and that for every prime
divisor p of n, either tp(G) is finite or the last Ulm–Kaplansky invariant of G satisfies fp,r(G) = |G|. ThenG admits a pseudocompact
Hausdorff topological group topology making it a Fréchet–Urysohn space.
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